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Summary
In this paper, a model for sound propagation in double porosity materials with elastic frame is proposed. The main
originality of this paper is to develop a model which is suitable for sound absorbing materials. The original idea
is to replace the ﬂuid-phase related properties of a single porosity material in Biot transverse isotropic equations
with those of a double porosity medium. The model is then developed for 1D problem and used to derive the
surface impedance and the sound absorption coeﬃcient of double porosity samples. To quantify the inﬂuence
of the porous sample dimensions, a numerical procedure based on a ﬁnite element simulations is proposed. It
is applied to perforated porous samples (a polymer foam and one ﬁbrous material with two diﬀerent size of
perforation) subject to a plane wave at normal incidence. Numerical results are compared to impedance tube
measurements.
PACS no. 43.20.Bi, 43.20.El, 43.20.Fn, 43.20.Ye

1. Introduction

Received 2 March 2011,
accepted 27 February 2012.

strain the applications only to gentle environmental conditions.
In this work double porosity materials are considered[9,
10, 11, 12] which where originaly studied for geophysical
applications. Double porosity materials contain two pore
networks, the characteristic sizes of which are separated at
least by an order of magnitude. In this work, the smaller
size pores are called micropores and the larger ones are
denoted by mesopores. Pioneering works by Boutin et al.
[13] and Olny & Boutin [14] have revealed the potential
of these materials to design passive sound absorbing solutions with good performances at low frequencies. The
added absorption eﬀect is due to to a partial coupling between the acoustic ﬁelds in the two pore networks. Subsequent works [15, 16, 17] have shown that double porosity
materials in the form of perforated porous materials could
be designed to select the frequency range of maximum efﬁciency and they are compliant with the use of highly resistive or impervious screens.
Models for sound propagation in rigid frame double
porosity materials have been proposed [13, 14], based on
homogenization theory[18, 19]. They are concerned with
materials of inﬁnite dimension and they model double
scale materials as equivalent ﬂuids in which one compressional wave propagates. For sound absorbing materials,
properties (density ρdp and compressibility Kdp in which
subscript dp refers to double porosity quantities) of the homogenized medium were given by Olny and Boutin [14]
as frequency dependent functions taking into account viscous, thermal and pressure diﬀusion eﬀects. More precisely, it was shown that the macroscopic descriptions
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Porous materials are widely used for sound prooﬁng packages in automotive, transportation and building acoustics.
Due to their morphology, these materials are eﬃcient in
the mid to high frequency ranges but exhibit weak performances for low frequencies. Hence, sound absorption at
frequencies lower than 500 Hz is often very low for material samples thinner than 50 mm. To overcome this lack of
eﬃciency for practical applications, several solutions have
been proposed in the last decade. One idea is to use multilayered systems in order to improve the global acoustic
performance. In order to control and to optimize the performances, theories [1, 2] have been proposed to predict
the response of multilayered sound packages. These packages lead to conﬁgurations whose thicknesses is generally
around 10–15 cm which is close to the quarter wavelength.
The concept of mass-spring systems which consists of a
porous material covered by a heavy layer or a perforated
plate [3, 4, 5] could allow a good sound absorption at very
low frequencies limited however to a narrow frequency
band. Alternatively, hybrid solutions [6, 7, 8] have been
developed which include porous materials for the mid to
high frequency range and a separate active control system
to act at low frequencies. These promising solutions however require external supplies which increase the cost of
the treatment and the resulting electrical power may re-
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depend on the contrast with static permeability between
pores and micropores. Consequently, two main macroscopic behaviors were proposed (low and high permeability contrast).
Generally a good agreement with measurements was
demonstrated [20, 16]. However, notable discrepancies
have been observed in in some cases. Even if some noticeable discrepancies can be observed. In Figure 6 of [16], a
frame resonance is observed around 1400 Hz which corresponds to the porous frame deformation neglected in the
homogenized equivalent ﬂuid model [14]. In addition the
semi-analytical model proposed in this paper underestimates the absorption beyond 1200 Hz. Similar comments
can be made about the results presented in Figure 5 of
[20] and on those proposed in the present work. The rigid
frame assumption was intrinsically linked to the model.
Olny mentioned in his original work [21] that ﬁnite-size
dimensions should lead to a modiﬁcation of the model parameters but without entering into details.
All of these works focus on the rigid frame assumption
which restrain the application of double porosity materials modeling to situations where they are rigidly backed.
Models do not account for the coupling with ﬂexible structures, which is the case in most of the vibro-acoutics practical applications. Note that possible inertia eﬀects [22]
may be accounted for in double porosity materials [17].
The main goal of the present work is to adapt the Biot theory [23] to account for the frame deformation of double
porosity materials. Auriault and Boutin [10, 11, 12] modeled of double porosity geomechanical materials with ﬂexible frame and proposed equations which are, in one way,
similar to the ones of the Biot theory. Nevertheless, the assumptions and the formalism were not adapted to sound
absorption problems.
The Biot theory [23, 24] has shown its relevance to modeling acoustic propagation in single porosity sound absorbing materials with a deformable frame [25, 26]. The
approach consists in modeling the porous material as the
superposition of two continua: a solid and a ﬂuid phase.
Each one is described by a displacement ﬁeld. A common
point of all these representations is that the solid phase is
modeled by its macroscopical displacement us . It is deﬁned as the average of the microscopic solid displacement
on the solid part of the Representative Elementary Volume
(REV). The original formulation [23] considers the ﬂuid
displacement uf which is the average of the microscopic
ﬂuid displacement on the ﬂuid part of the REV. This representation was nevertheless not valid for inhomogeneous
materials[24]. Fluid phase displacement uf has been replaced by the relative ﬂow w = φ(uf − us ), φ denoting
the porosity, deﬁned as the ratio of the ﬂuid volume to the
total volume of the REV. More recently Dazel et al. [27]
proposed an equivalent representation to the modiﬁed formulation, valid for inhomogeneous materials, which considers the total displacement ut = us +w = (1−φ)us +φuf .
This formulation presents the advantage of simplifying the
formalism and is used in this paper.
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The basic idea of the model proposed in this work is inspired by Biot’s assumption: the displacement of the solid
part is uniform at the microscopic scale. It can then be
shown that the ﬂuid phase properties (frequency dependent density and compressibility) are not modiﬁed by the
solid motion and then are the ones of the equivalent homogenized ﬂuid medium. Moreover, with the total displacement formulation [27], the parameters of the model
can be deduced from the equivalent ﬂuid and in-vacuo
solid properties only. The idea of this work is to introduce
equivalent ﬂuid double porosity models in Biot’s equations. This work is only concerned by propagation in layered structures and the mesopores are supposed to be orthogonal to the sample interfaces.
An analytical expression for the normal incidence surface impedance is derived from which the absorption coefﬁcient is deduced. Inverse Finite Element Method is used
to deduce the equivalent ﬂuid properties of double porosity medium. Contrary to majority of the semi-analytical
models, the proposed model integrates the ﬁnite thickness
and lateral surface dimensions of the material. The results
are compared to experiments and a very good agreement
is observed.
Section 2 presents the theoretical model based on a
transverse isotropic formulation [28] of Biot’s equations.
A simpliﬁed one-dimensional problem is then deduced
which allows comparison with the data for normally incident wave. Section 3 presents the inverse numerical procedure to obtain the in-vacuo solid and ﬂuid parameters of
the model. Section 4 presents the comparison with experimental results. Two types of microporous materials (one
foam and one ﬁbrous material) are considered in this work,
the parameters of which have been obtained by dedicated
characterisation techniques and are given in Table I. Experimental results are presented for three double porosity
materials. One is made from foam (Named F) and two of
them are made from the ﬁbrous material (denoted by W1
and W2). Their properties can be found in Table II.

2. Theoretical part
2.1. Transverse Isotropic Biot model for single
porosity materials
The problem is modeled in cartesian coordinates {x, y, z}.
For homogeneous single porosity materials, the equations
in {us , ut } representation have been proposed by Khurana
et al. [28] for an anisotropy direction along z. They read
∇·σ̂ s (us ) = −ω2 ρ̃s us − ω2 γ ρ̃eq ut ,

(1a)

Keq ∇· ∇· ut I = −ω2 γ ρ̃eq us − ω2 ρ̃eq ut .(1b)
σ̂ s is the in-vacuo stress tensor of the solid phase and the
stress-strain relations are
σ̂xx = 2Nεxx + A εxx + εyy + F εzz ,
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Table I. Values of the acoustic, elastic and damping parameters of the materials.
σ

φ

α∞

Λ

Λ

k0

E

ηs

ν

ρ1

Foam (see F)
Fibrous (see W1 and W2)
Fibrous (uncertainties)

93 500
88 400
±1600

0.96
0.97
±0.01

3.32
1.01
±0.2

15
23
±2.4

50
51
±5.7

15
13
±6.4

260
5 500
∅

0.5
0.3
∅

0.33
0
∅

42
156
∅

Units

N.s.m−4

-

-

10−6 m

10−6 m

10−10 m2

103 Pa

-

-

kg.m−3

σ̂yy = 2Nεyy + A(εxx + εyy ) + F εzz ,

(1c)

σ̂zz = Cεzz + F (εxx + εyy ),

σ̂yz = 2Lεyz ,

σ̂xz = 2Lεxz ,

σ̂xy = 2Nεxy .

A, N,F C and L are the in-vacuo elastic coeﬃcients [28].
Keq is the compressibility of the homogenized ﬂuid phase.
The interstitial pressure p is given by
p = −Keq ∇· ut

(1d)

[γ], [ρs ] and [ρ̃eq ] are diagonal matrices [28]. For the purpose of this work, they are rewritten in the following form:
γ = ρ0 ρ̃eq

−1

− 1 − 2φ I ,

ρs = 1 − φ ρs I
− ρ0 I − φ ρ̃eq

2φ I − ρ0 ρ̃eq

−1

Table II. Double Porosity materials properties.
DP medium

Unit

F

W1

W2

Microporous material
Diameter
Mesopore diameter
Thickness

mm
mm
mm

Foam
46
9.5
23.8

Fibrous
100
35.7
80

Fibrous
100
43.6
80

Table III. Parameters for the porous medium.
tion.
SP model

(1e)

φ

(1f)

s

.

ρ0 is the density of the saturating ﬂuid, ρs is the density of
the frame material. [ I] is the identity matrix. The values of
the diagonal terms of the [ρ̃eq ] are associated to the densities of the homogenized equivalent ﬂuid model and can be
given by semi-phenomenological models [28, 26]. All the
parameters of equations (1a-b) can then be obtained from
the in-vacuo mechanical parameters (1c), Keq , [ρ̃eq ], ρs , ρ0
and porosity φ.
2.2. Transverse Isotropic Biot model for double
porosity media
In the case of double porosity material, based on the assumptions of Biot’s theory. The possible frame deformation does not inﬂuence the visco-thermal dissipation inside the double porosity material. In this framework, parameters of equations (1) should be replaced by analogues
for the double porosity medium. A summary of the substitutions is given in Table III. The material is supposed
to be homogenizable under the same assumptions as the
ones of Olny and Boutin [14]. The REV Ω is then divided into three parts Ωs , Ωf and Ωp respectively associated to the solid, ﬂuid part of the microporous domain
and the mesopore volume. Let V be the volume function.
Let φm = V (Ωf )/V (Ωs ∪ Ωf ) be the porosity of a single
porosity material and φp = V (Ωp )/V (Ω) the porosity of
the mesopores. The mesopore is supposed to be aligned
with the x direction.
First, φdp = (1 − φp )φm + φp is the total porosity of the
double porosity material (i.e. the ratio of the total volume
of air to the total material one). The solid displacement
ﬁeld usdp =}langleusmic Ωs is deﬁned as the average microscopical displacement on Ωs (mic index is associated to

∗∗

: in each direc-

DP model
φdp = (1 − φp )φm + φp

u

usm

ut

utdp = (1 − φp )utm + φp up

ρ1

ρ1 = (1 − φp )ρ1

ρ2

ρ2 = φp + (1 − φp )φm ρ0

ρeq

ρeq = ρ dp

dp
dp
dp

∗∗
dp

γ

γ dp = ρ0 /ρ̃eq − (1 − 2φdp ) ∗∗

ρs

ρs = (1 − φdp )ρs − (ρ0 − φdp ρ̃eq )
dp
· 2φdp − ρ0 /ρ̃eq ∗∗

dp

dp

microscopical ﬁelds). For the ﬂuid displacement uf , one
has
f

f

udp = umic
+

Ωp ∪Ωf

=

φp f
u
φdp mic

(1 − φp )φm f
umic
φdp

Ωf

Ωp

(2)

.

The total displacement is deﬁned as
f

utdp = 1 − φp 1 − φm usdp + φdp udp .

(3)

1−φdp

ρ0 and ρs in equations (1e-f) remain unchanged as they
correspond to densities of air and of the frame material. It
is generally common (even if unused in the present representation) to use the solid frame density ρ1 which is the
density of the porous solid and ρ2 equivalent density of
air. Their expressions are given in Table III. Assumption
usdp = 0 leads to the equivalent ﬂuid model and utdp is then
the displacement of the homogenized medium. Parameters
ρeq and Keq of the equivalent ﬂuid should then be respectively replaced by ρdp and Kdp . Expressions of [γ dp ] and
[ρs ] are deduced from equations (1e-f) where φ (resp. ρeq )
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should be replaced by φdp (resp. ρdp ). Elastic coeﬃcients
of constitutive law (1c) are also modiﬁed and their values
will be investigated in section 3.

Prescribed Mass

2.3. 1D propagation model

Tested sample

Displacements

Imposed velocity

We focus on impedance tube measurements. We are interested by wave propagation along z axis and the equations
of motion read
Cdp + Fdp

∂2 usdp

Pdp

Kdp

dp

∂z2
∂2 utdp
∂z2

= −ω2 ρs usdp − ω2 γ dp ρdp utdp ,

(4a)

= −ω2 γ dp ρdp usdp − ω2 ρdp utdp .

(4b)

Cdp and Fdp are the Lamé coeﬃcients along z-axis. This
system is of Biot type and it can be shown that two compression waves can propagate. They are deﬁned by their
wave numbers ki and the ratios µi = utdp /usdp which are
given by [27]

ki2

=

2
2
+ kdp
ks2

2
2
+ kdp
+ (−1)i
ks2

2

2 2
− 4kdp
ks1

2

, (5)

i = 1, 2, with
kdp = ω
ks2 = ω

ρdp
Kdp

,

ρs
,
Pdp

ks1 = ω

Figure 1. Conﬁgurations considered in the inversion procedure
of solid parameters.

Z1

Z1,1

Config K1

ρ
,
Pdp
dp 2

ρ = ρs − (γ ) ρdp .

Z2

Z2,1
d

2
ks2

−

2
ks1

= γ dp

2
kdp

ki2

−

2
kdp

0

Z2,2
d

x=0
d

(6)

displacement (resp. pressure) is equal to the air displacement (resp. pressure). Hence,
dp

2
)
(ki2 − ks2

Tested sample

Plane waves

Config K2

Zs =

µi = γ dp

x=0

Figure 2. Conﬁgurations considered in the inversion procedure
of ﬂuid parameters.

In addition,
.

(7)

Normal incidence surface impedance of a layer of double
porosity medium (thickness d) backed by a rigid wall can
then be calculated. As shown in Figure 2, origin of z axis is
ﬁxed at the rigid backing. The displacement of solid phase
and the total displacement can be expressed through the
two compressional waves. They are zero at the rigid backing, Hence, one has
usdp (z) = A sin(k1 z) + B sin(k2 z),

(8a)

utdp (z)

(8b)

= Aµ1 sin(k1 z) + Bµ2 sin(k2 z).

A and B are unknowns amplitudes. The in-vacuo stress
and the pressure then read
s
σ̂zz
(z) = Pdp Ak1 cos(k1 z) + Bk2 cos(k2 z) ,

(9a)

p(z) = −Kdp Ak1 µ1 cos(k1 z) + Bk2 µ2 cos(k2 z) . (9b)
At the air-porous interface (z = −d), the in-vacuo stress
is zero. This condition allows ﬁnding the value of the ratio A/B (independent of Pdp ). In addition, the normal total
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Shaker

=

p(z = −d+ )
jωutdp (z = −d+ )

(10)

Kdp
k1 k2 (µ2 − µ1 )
×
,
jω
k1 µ2 tan(k2 d) − k2 µ1 tan(k1 d)

√
with j = −1. Calculation of the absorption coeﬃcient is
then straightforward [26].

3. Numerical inverse procedures
Two numerical inverse procedures (associated to problems
depicted in Figure 1 and 2) are presented in this section.
Their objective is to numerically deduce the acoustic and
elastic parameters of the double porosity materials. First
procedure corresponds to the uniaxial compression loading dynamic setup to determine Pdp . In-vacuo conditions
are considered. The second problem is associated to Kundt
tube measurements in two diﬀerent conﬁgurations (denoted by K1 and K2 in Figure 2). K1 corresponds to a
layer of double porosity material with thickness d bonded
onto a rigid wall. K2 is similar to K1 but a porous layer
of thickness d is added between the double porosity material and the rigid backing. Note that a porous medium is
considered instead of an air cavity (plenum) to avoid numerical discrepancies due to singularities of the cotangent
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function. In the simulations, the double porosity layer is
not homogenized and both microporous domain and the
mesopore are simulated using the Finite-Element Method
(FEM). From simulation of K1 and K2, it is shown that
it is possible to deduce equivalent ﬂuid properties of the
double porosity. Note that other combinations of conﬁgurations could have been used inspired from [29]. The proposed conﬁguration has been chosen as it appears very robust and does not need restriction on dimensions d and d .
Three types of FE models have been implemented. The
ﬁrst one concerns the determination of the elastic parameters of the materials and is associated with a classical solid
FE model. The second one is associated with porous structures that are assumed to be rigid and motionless (so-called
equivalent ﬂuid medium). It is denoted by eq-FEM. The
third model is similar to the second one under the assumption that the porous medium has an elastic frame ; it is denoted Biot-FEM. For the sake of clarity, details of the FE
model implementation are given in Appendix A1. Finally,
it may be underlined that all FE computations have been
performed using in house developed software and that all
meshes have been generated using the FreeFEM software.
The following two sections describe procedures for characterizing the elastic and damping parameters, and the procedure for determining the acoustic propagation characteristics in single porosity media.
3.1. Estimation of the mechanical parameters of the
double porosity material. P dp
Assuming uniform and identical strain in the skeleton and
in the air contained in the perforation, it is possible to estimate the ratio τ of equivalent rigidities [30],
τ=

P dp
P

(11)

1 − φp .

The validity of this approximation is checked numerically.
The uniaxial compression dynamic loading method has
been proposed by Pritz [31] and used by several authors
[32, 33, 34, 35, 36]. It is presented Figure 1. A sample of
porous material is placed between a driving plate (Γm ) of
an electrodynamic shaker and a top plate (Γm ) which acts
as a mass (denoted m). If the mass of the porous sample
is negligible compared to m, it behaves as a spring of stiﬀness k = ESα/h, where E is the Young’s modulus of the
sample, S is the surface of the base of the sample, h is the
thickness of the sample and α is a correction accounting
for the Poisson eﬀect (α = 1 for ﬁbrous materials see for
example section 3.1 of reference [36]). Let T (ω) be the
transmissibility deﬁned [31] as the ratio of the top plate’s
displacement over the driving plate’s one. One then has
two diﬀerent ways to evaluate E,
E ≈ Eres =

2
ωres
mh
,
αS

E ≈ E∞ = lim −
ω→∞
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Table IV. Results of the mechanical inversion procedure.
DP material

Edp (kP a)

1 − φp

τres

F
W1
W2

248.8
4798
4449

0.9573
0.8724
0.809

0.9586
0.867
0.808

DP material

τ∞

εres

ε∞

F
W1
W2

0.9572
0.867
0.802

0.2%
0.6%
0.17%

0.01%
0.6%
0.8%

Mass (Γm)

Ω0

Ω1

Vacuum
(Γv)

Imposed displacement (Γ )
d

Figure 3. Conﬁguration of the FE problem for the mechanical
procedure.

Hence T (ω) is simulated by quadratic axisymmetric
ﬁnite-elements (See Figure 3). In the case of single (Ω0
and Ω1 are fulﬁlled by the microporous material) and double (Ω0 is vacuum) porosity material. One main advantage
of the ﬁnite-element procedure is that one can overcome
experimental constraints. In addition it is trivial to consider
a in-vacuo problem and there is no bending of the top plate
which is a classical drawback of the experimental setup. It
is an advantage of numerical (i.e. virtual) experiments that
most of the factors can be controlled. Transmissibility is
presented Figure 4 for the ﬁbrous and the double porosity
material W1. The eﬀect of the perforation tends to lower
the resonance frequency of the mass-spring system.
For each material, ratios τres and τ∞ are calculated.
They correspond to the ratio (11) estimated at the resonance frequency and in the limit of high frequencies (determined as 5 times the resonance frequency). Results are
presented Table IV and indicates that error are lower than
1%.
3.2. Determination of equivalent ﬂuid parameters
ρdp and Kdp

ω2 mhT (ω)
.
αS

(12)

ωres is the pulsation of the resonance frequency of the
mass-spring system.

In this section, the porous frame is assumed motionless.
Therefore, the model used is eq-FEM. The double porosity material is supposed to be homogenized with characteristic impedance Zdp =

ρdp Kdp and wave number kdp .
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1
0.9
0.8
0

10
T(ω)

Abs. coefficient

0.7

Abs. coeff.

0.6
0.5
0.4
0.3

Difference

0.2

1000

2000
3000
Frequency [Hz]

4000

5000

0.1

Figure 4. Transfer functions T (ω) simulated by FEM for the
mechanical problem for W1; Solid : Single porosity material,
Dashed: Double porosity material.

A layer of double porosity material is therefore similar to
a ﬂuid medium.
Impedances Z1 and Z2 associated with conﬁgurations
K1 and K2 are ﬁrst calculated. Assuming that the layers
can be homogenized, the porous layer (resp. double porosity, air) is described by its characteristic impedance Zeq
(resp. Zdp , Z0 ) and wavenumber keq (resp. kdp , k0 ).
For both conﬁgurations (k = 1, 2), impedances at the
surface of the double porosity layer Zk,1 can be deduced
from Zk ,
Zk,1 = Z0

jZ0 − Zk cot(k0 d0 )
,
jZk − Z0 cot(k0 d0 )

k = 1, 2.

(13)

(14)

For conﬁguration 2, surface impedances are related as
jZdp − Z2,1 cot(kdp d)
.
jZ2,1 − Zdp cot(kdp d)

1000
Frequency [Hz]

1500

Figure 5. Sound absorption coeﬃcient for material W1. − − Experiments, ’o’ Inversion proposed model, ’+’ No diﬀusion double porosity model, ’O’ Diﬀusion double porosity model.

1
0.9
0.8
0.7

Abs. coeff.

0.6
0.5
0.4
0.3

Difference

0.1

Z1,1 = −jZdp cot(kdp d),

Z2,2 = Zdp

500

0.2

Impedances Z1,1 and Z2,2 are given as
Z2,2 = −jZeq cot(keq d ).

0
0

Abs. coefficient

0

(15)

0
0

500

1000
Frequency [Hz]

1500

2000

Figure 6. Normal incidence sound absorption coeﬃcient for material W2. ’- -’ Experiments, ’o’ Inversion proposed model, ’+’
No diﬀusion double porosity model, ’O’ Diﬀusion double porosity model.

From the two above equations, we get
2
Zdp
= Z2,1 Z1,1 − Z2,2 (Z1,1 − Z2,1 ).

(16)

Zdp is the square root with the positive real part and
atan −
kdp =

d

jZdp
Z1,1

(17)

The two quantities are computed at each frequency and the
surface impedance (and then the absorption) is obtained
using equation (14).
In order to validate the accuracy of the inversion procedure for double porosity materials, it has been tested for
several experimental double porosity conﬁgurations. It is
validated on the basis of comparisons with sound absorption data measured using the recommended standard ISO
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10534-2 [37] and with direct computations of sound absorption coeﬃcients using the theory of Olny & Boutin
[14] adapted to the present axisymmetric problem (the
original theory was developed to circular mesopores in
rectangular samples). For these latter calculations, denoted
hereinafter semi-analytical models, pressure diﬀusion effects may also be accounted for. Two examples are given
in Figure 5 and 6 respectively for the two ﬁbrous materials
W1 and W2.
To ease the analysis, discrepancies between the model
predictions and the data ( αmodel − αexp ) are also given
for the three models. Note that the eﬀect of the solid frame
deformation can be observed between 500 and 800 Hz and
cannot be captured by the models considered in this section assume a rigid and motionless skeleton. The absorption peak observed in the measured data around 400 Hz
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4. Results for elastic frame double porosity
materials
Models accounting for the porous frame deformations are
now compared with experiments for three double porosity
materials (F, W1 and W2). Results are presented in Figure 7 to 10. In each one of the following graphs, absorption
curve are obtained through eq-FEM, Biot-FEM and analytically using expression (10). Inversion procedure has
been used to obtain equivalent ﬂuid parameters.
Figure 7 presents results for material W1. Solid frame
resonance is in the 500-1000 Hz frequency range. A good
agreement is obtained between the proposed analytical
model (10) and experimental results. In particular, the proposed model captures the curve inﬂection observed in the
measured data between 600 Hz and 800 Hz. Absorption

1
0.9
0.8
0.7
Abs. coefficient

is associated to double porosity phenomena. The diﬀusion frequency [14] is estimated at 361 Hz for material W1
and at 498 Hz for material W2. Before this transition frequency, pressure diﬀusion eﬀects shall be dominant and
the semi-analytical model accounting for them should be
used.
As expected, for the two materials tested here, and for
the entire frequency range observed, this model allows a
better prediction. Accordingly, the analytical model without diﬀusion eﬀects fails to give accurate predictions.
Meanwhile, the results obtained with the inversion procedure proposed above agree with the measured data. Outside the frequency region where deformation of the skeleton dominates, the error associated to this procedure never
exceeds a value of 0.05 on the absorption coeﬃcient. Errors associated to the other two analytical models may locally reach 0.4 points of absorption. Note ﬁnally that the
main diﬀerence between the two analytical models, which
assume a material of inﬁnite lateral extent, and the proposed procedure is that the latter technique allows capturing the acoustical eﬀects due to the ﬁnite size of the sample. In fact, the deviations observed between these models are likely to be attributed to the inﬂuence of ﬁnite size
on the pressure diﬀusion eﬀects which could be captured
when considering the actual geometry of the tested sample.
The solid resonance cannot be captured by the diﬀerent models. That is the reason why the comparison between models and experiments shall not be performed in
this frequency range. The model not accounting for pressure diﬀusion has a global error close to 0.1 averaged over
the whole frequency range. It underestimates the absorption before the peak and presents a recurrent error after
that. The diﬀusion model gives accurate results but overestimates the levels at the peak of absorption and presents
small discrepancies for frequencies higher than 1500 Hz.
The inversion procedure proposed in this paper allows
ﬁnding the absorption with an error lower than 0.03 except in the frequency range where Biot eﬀects are signiﬁcant. Figure 6 presents results for W2. As the mesopore is
larger, ﬁnite size eﬀects are more important and noticeable
discrepancies appear for the diﬀusion model.
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Figure 7. Normal incidence sound absorption coeﬃcient for
material W1; ’Solid’: eq-FEM, ’o’: ’Biot-FEM, ’+’: Semianalytical proposed model, ’Dashed’: Experimental data for DP
material. ’Dotted’: Experimental data for SP material.

levels at other frequencies remain the same as those predicted by the model of the previous section which assumed
a rigid and motionless frame. Note that a little discrepancy is observed with Biot-FEM which is not signiﬁcant
and could be removed by adjusting the elastic parameters
used in the FE model. This parameter tuning would correspond to the modiﬁcations of the eﬀective elastic and
damping properties of the sample when inserted inside
the impedance tube. Absorption coeﬃcient is only concerned with the modulus of the reﬂection coeﬃcient. In
order to illustrate that the model is also able to capture
informations relative to the the complex nature of the reﬂection, Figure 8 presents its phase. A very good agreement is observed. Not that to ﬁt the simulations a correction (2.5 mm) of the tube length should have been proceeded. This correction is compatible with the uncertainties of the experimental setup. For material W2, presented
Figure 9, the proposed model also shows to be robust
and compares well with the Biot-FEM model and measured data. For the foam, material F, results are presented
Figure 10. Biot eﬀects are noticeable on the entire frequence range. Therefore, for this material, the eq-FEM is
not suited to model the absorption correctly. The proposed
semi-analytical model predicts the frame resonance and
the correspondence between its prediction and the measured data is satisfactory. Note ﬁnally that, for this double porosity material, the estimated diﬀusion frequency is
748 Hz and that pressure diﬀusion should no longer be visible at high frequencies.

5. Conclusion
In this work the adaptation of the Biot theory is proposed
to model sound propagation in double porosity material
accounting for possible frame deformation. The main idea
is to replace the ﬂuid properties of the single porosity material by those of the double porosity medium. A simpliﬁed
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Figure 8. Phase of the reﬂection coeﬃcient for material W1;
’Solid’: eq-FEM, ’o’: ’Biot-FEM, ’+’: Semi-analytical proposed
model, ’Dashed’: Experimental data.
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Figure 10. Absorption coeﬃcient for material F; ’Solid’: eqFEM, ’o’: ’Biot-FEM, ’+’: Semi-analytical proposed model,
’Dashed’: Experimental data for DP material. ’Dotted’: Experimental data for SP material.

work has demonstrated the limitation of double porosity
models in the case of ﬁnite size samples and the need of
their extension as alternatives to FE computations.
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A1. Finite-Elements models
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Figure 9. Absorption coeﬃcient for material W2; ’Solid’: eqFEM, ’o’: ’Biot FEM, ’+’: Semi-analytical proposed model,
’Dashed’: Experimental data.

one-dimensional model was derived. Its predictions for the
normal incidence surface impedance have been compared
with impedance tube measurements.
New approaches to the inverse numerical procedures
based on Finite-Element simulations to determine the values of the model’s parameters have been proposed in this
work. Procedure takes account for possible modiﬁcations
of the pressure diﬀusion eﬀects for samples of laterally ﬁnite thickness.
Comparisons with sound absorption measurements on
three diﬀerent materials (ﬁbrous and foam) have proved
that the model is able to describe the combined acoustic
eﬀects due to the presence of double porosity as well as
the porous frame deformation.
Further works involves extension of the validation of the
model for oblique incidence. It could also be interesting to
check if criteria to check the validity of the limp model
[38, 39] for equivalent ﬂuid remain valid. In addition, this
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FE models [40] for conﬁgurations K1 and K2 are presented Figure A1. The problem is axisymmetric of axis
(AB) and the ﬁgure represents only half (right hand side)
of the complete tested sample. AD= Γe is the excitation
boundary. BC= Γb corresponds to a rigid backing. CD= Γt
corresponds to the tube wall. The ﬂuid normal displacement is equal to 0 on these three boundaries. Ω0 is an air
layer which is introduced into the model so as to take into
account evanescent modes which may result from the presence of the perforation in double porosity materials. . Ω1
corresponds to the microporous domain. Ω2 is the perforation and is fulﬁlled by air. Ω3 is porous domain with rigid
and motionless frame which is considered in conﬁguration
K2. In conﬁguration K1, Ω3 is removed. . The domain is
meshed through a Delaunay procedure so as to ensure a
λ/9 convergence criterion and so as each triangle of the
mesh belongs to only one Ωi . Convergence of the model
has been checked and it appears that this criterion is suﬃcient.
Two types of simulations were performed depending on
the assumption made for the porous domain Ω1 . In the eqFEM model, the porous frame is assumed to be inﬁnitely
rigid and motionless while in the Biot-FEM model possible frame deformation are accounted for.
In the case of eq-FEM, each domain is associated with
a ﬂuid and the variational formulation reads
∀q ∈ H 1 (Ω),
1
1
∇p ∇q − pq dΩ = −
2
Ki
Ω ρi ω

∂Ω

(A1)
1 ∂p
q dΓ.
ρi ∂n
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placement {ur , uz } should be added to the degrees of freedom. In Ω1 the variational formulation now reads

Γ
B

b

C
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Figure A1. Conﬁguration of the ﬁnite element model for the
impedance tube problem.

ρi and Ki are respectively the density and the compressibility of the equivalent medium (as an example: ρi = ρ0
in Ω0 ∪ Ω2 and ρi = ρeq in Ω1 ∪ Ω3 ). The boundary integral
of the right hand side is non null on Γ0 which is associated
with the excitation. It has been checked on the simulation
results that the pressure ﬁeld on Γ0 is only slightly varying
and the distance d0 is enough to remove the inﬂuence of
the evanescent modes. On Γ0 , one has

Γ0

q dΓ ⇒ B 1 − R ,

(A3)

where B is a n × 1 vector. It is necessary to add an additional equation associated to the pressure continuity condition on the boundary. Let B be the 1 × n boolean vector
whose unique non-null value corresponds to the degree of
freedom associated to the pressure at point A.
The ﬁnal system set of equations is then of size n + 1
and reads
1
[H] − [Q] B
ω2
B
−1

P
R

=

(A5)

B
1

(A4)

[H] and [Q] represent the kinetic and compression energy
matrices of the ﬂuid phase. The reﬂection coeﬃcient is
thereby directly calculated. Surface impedance and/or absorption coeﬃcient can be deduced by classical relations.
Biot-FEM is obtained in a similar manner. Ω1 is modeled by a Biot {u, p} classical formulation [41]. Solid dis-

γun −

dΩ

1 ∂p
q dΓ.
ρeq ∂n

(A6)

As Biot {u, p} formulation allows coupling of the contiguous ﬂuid domains naturally, the surface integrals at the
interfaces between the diﬀerent subdomains are all vanishing. Sliding conditions are considered on Γt . The procedure to calculate the reﬂection coeﬃcient remains unchanged as the porous structure is not directly connected
to Γ0 . One ﬁnally has




[K] − ω2 [M]
[C]t
0

q dΓ.

It is proposed to directly calculate R by adding this parameter to the degrees of freedom of the problem. After
discretization the boundary integral can be expressed in
the form
k0
1−R
ρ0

∂Ω1

(A2)
Γ0

σ̂ s (u)·n v dΓ

∇p ∇q
pq
− γu. ∇q
−
ρeq ω2
Keq

Ω1

Γ

P|Γ0 = 1 + R,
1 ∂p
k0
qdΓ = (1 − R)
ρ0
Γ0 ρi ∂n

∂Ω1

∀q ∈ H 1 (Ω),

0

A

σ̂ s (u) : ε(v) − ω2 ρu·v − γ ∇p ·vdΩ

 
u
1

P
[
H]
−
[
Q]
B

 
ω2
R
B
−1
 
0
= B
 
1
[C]

0

(A7)

[K]and [M] represent the stiﬀness and mass matrices of
the solid phase. They are square matrices of size nu which
correspond to the number of displacement degrees of freedom. It should be noticed that [C] coupling matrix is of
size n × nu but all the columns associated to pressure degrees of freedom which are not in Ω1 are null. R is then
calculated so as to deduce surface impedances and absorption coeﬃcients[26].
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